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Abstract. We present conjectures giving formulas for the Macdonald polynomials 
of type B, C, D which are indexed by a multiple of the first fundamental weight. 
The transition matrices between two different types are explicitly given. 


Introduction 


Among symmetric fnnctions, the special importance of Schnr fnnctions comes 
from their intimate connection with representation theory. Actnally the irredncible 
polynomial representations of GLn{C) are indexed by partitions A = (Ai,... , A^) 
of length < n, and their characters are the Schnr functions sy. 

In the eighties, 1. G. Macdonald introduced a new family of symmetric functions 
Px{q,t)- These orthogonal polynomials depend rationally on two parameters q,t 
and generalize Schnr functions, which are obtained for t = q [9,10]. 

When the indexing partition is reduced to a row (k) (i.e. has length one), the 
Macdonald polynomial gkiQp) of n variables x — (xi,... ,x„) are given by their 
generating function 





with the standard notation {a-,q)oo = n^o(^ ~ ag*). Of course for t = q the 
complete functions S(y.) = hr are recovered. 

A few years later, generalizing his previous work, Macdonald introduced another 
class of orthogonal polynomials, which are Laurent polynomials in several variables, 
and generalize the Weyl characters of compact simple Lie groups [11,12]. In the 
most simple situation of this new framework, a family P^^\q,t) of polynomials, 
depending rationally on two parameters q,t, is attached to each root system R. 
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These orthogonal polynomials are elements of the gronp algebra of the weight 
lattice of R, invariant nnder the action of the Weyl gronp. They are indexed by 
the dominant weights of R. 

When R is of type A, the orthogonal polynomials {qR) correspond to the 
symmetric fnnctions P\{q^ t) previonsly stndied in [9,10]. For t = q, they correspond 
to the Weyl characters of compact simple Lie gronps. 

This paper is only devoted to the Macdonald polynomials which are indexed by 
a mnltiple of the hrst fnndamental weight uji. Since H. Weyl [15], it is well known 
that XrSi is given by 

(i) hr{X) + hr-i{X), when R = Bn, 

(ii) hr{X), when R = Cn, 

(iii) hr{X) — hr- 2 {X), when R = Dn, 
with X = {xi, ... ,Xn, 1/Xi, ... , 1/Xn). 

However, as far as the anthor is aware, no snch resnlt is known when t R q, 
and no explicit expansion is available for the Macdonald polynomials PrLol{q,t). 
The pnrpose of this paper is to present some conjectnres generalizing the previons 
formnlas. 

Actnally this problem can be considered in a more general setting, allowing two 
distinct parameters t, T, each of which is attached to a length of roots. We give 
an explicit formnla for Prujl{q,t,T) when R is of type B,C,D, together with an 
explicit formnla for the transition matrices between different types. The entries of 
these transition matrices appear to be fnlly factorized and reveal deep connections 
with basic hypergeometric series. 

We provide some snpport for these conjectnres by showing that they are verihed 
npon principal specialization. On the other hand, compnter calculations show a 
very strong empirical evidence in their favor. 


1. Macdonald polynomials 

In this section we introduce our notations, and recall some general facts about 
Macdonald polynomials. For more details the reader is referred to [11,12,13]. 

The most general class of Macdonald polynomials is associated with a pair of 
root systems {R,S), spanning the same vector space and having the same Weyl 
group, with R reduced. Here we shall only consider the case of a pair (R, R), with 
R of type B, C, D. 

Let H be a hnite-dimensional real vector space endowed with a positive dehnite 
symmetric bilinear form {u,v). For all v G V, we write |n| = {v,v)^R , and 

= 2v/\v\^. 
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Let i? C y be a reduced irreducible root system, W the Weyl group of R, R~^ the 
set of positive roots, {cti,..., an} the basis of simple roots, and | a G R} 

the dual root system. 

Let Q = ^ ^ be the root lattice of R and its positive 

octant. Let P = {X G V \ (A,a'^) G Z Vet G R} and P~^ = {A G F | (A, ct^) G 
N Va G be the weight lattice of R and the cone of dominant weights. 

A basis of Q is formed by the simple roots ai. A basis of P is formed by the 
fundamental weights Ui dehned by {ui, etj) = dij. A partial order is dehned on P 
by A > /U if and only A — // G Q^. 

Let A denote the group algebra over M of the free Abelian group P. For each 
A G P let denote the corresponding element of A, subject to the multiplication 
rule The set {e^, A G P} forms an M-basis of A. 

The Weyl group W acts on P and on A. Let A^ denote the subspace of bF- 
invariants in A. Such elements are called “symmetric polynomials”. There are two 
important examples of a basis of A^. The hrst one is given by the orbit-sums 

mx = ^ A G . 

^J.ew\ 

Another basis is provided by the Weyl characters dehned as follows. Let 

h= n (e“/2 _ e-“/2) = e-^ JJ (e“ - 1), 
aeR+ a6i?+ 

With p = \ a E P. Then wd — e{w)d for any w G W, where e{w) — 

det(r(;) = ±1. For all A G P, 


XA = eiw)e^^^+P^ 

wEW 


is in and the set {xa, A G P"*"} forms an M-basis of A^. 

Let 0 < g < 1. For any indeterminate x and for all k E N, dehne 

oo k — 1 

{x; q)oo = ~ = n 

i=0 i=0 

For each a G P let to, = q^°‘ be a positive real number such that — ti 3 if \a\ = \/3\. 
Then we have at most two different values for the t^’s. Dehne 

Pk 2 ^ ^ k^a^ pj^ — ^ ^ k^a . 
aeR+ a6i?+ 
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If / = X^AeP G A, let / = X^AeP ^ [/]i constant term ao- 

The inner prodnct defined on A by 

with I IT I the order of IT, and 


A 


q,t — 


n 

aER 


(e'';9)oo 

7 Q^OO 


is non degenerate and TT-invariant. 

There exists a nniqne basis {Pa, A G P"*"} of A^, called Macdonald polynomials, 
snch that 

(i) Px=mx + 'Z^^eP+, m<a t) 

where the coefficients ax^,{q,t) cire rational fnnctions of q and the t^’s, 

(ii) (Pa, Pii)q,t = 0if 9 . 

It is clear that the Pa, if they exist, are nniqne. Their existence is proved as 
eigenvectors of an operator E : A^ A^, selfadjoint with respect to ( , )q,t, and 
having its eigenvalnes all distinct. When R is of type B,C,D this operator may be 
constrncted as follows [11,12]. 

Let TT be a minnscnle weight of P^, i.e. a vector tt G T snch that (7r,a) takes 
only valnes 0 and 1 for a G P"*". Snch a vector exists when P is of type P, (7, P, 
and is necessarily a fnndamental weight of P^. Let 


$ 


TT 


n 

aeP+ 


1 

1 - e“ 


and Tjr the translation operator defined on A by T.,^{e^) = for any A G P. 

Let Ptt the operator defined by 

E.f= 

wEW 

Macdonald polynomials Pa are then introdnced as eigenvectors of : 

E^ Pa = CA Pa with ca = qA^P+Pk}_ 

wEW 


We may regard any / = XIaep G A, having only finitely many nonzero 
coefficients, as a fnnction on V by pntting for any x ^ V, 

/w = 

AeP 
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Then Macdonald polynomials satisfy the following Specialization Formnla [2] 


j’A(pa 


n 

aeR+ 




In the seqnel we shall consider R to be of type Bn, Cn or Dn- We shall identify V 
with and write £i,... , £n for its standard basis. Dehning Xi — e®* for i = 1.. .n, 
we shall regard P\ as a Lanrent polynomial of n variables xi,... , Xn- 

We shall only consider Macdonald polynomials P\ associated with a weight A = 
rui, mnltiple of the hrst fnndamental weight ui — Si- 


2. Basic hypergeometric series 


We shall need three resnlts abont basic hypergeometric series. The anthor is 
deeply indebted to Professor Mizan Rahman for commnnicating their proofs to 
him. Since these resnlts have intrinsic interest, their proofs are given below in 
Section 10. 


We adopt the notation of [3] and write 


r+l 


(pr 


ai, a2,.. 

bi, ^2,. 


, Clr+l 
• 7 bj- 




E 


{ai]q)i.. .{ar+i]q)i E 

{bi]q)i...{br]q)i {q]q)i' 


Theorem 1. ITe have the following transformation between 2 <l>i series 

{u]q)r , 

7-W 

{q]q)r 

^ {x/y;q)^ {uq^~^^; q) 2 i 

{q-,q)i {uxq^-^]q)i {uyq^-‘^^+^] q)i' 


q , ux , -j, 

i-r / ; P (I'PX 

q^ ^ ux ' 


E 


(ri, qfjj-— 2 i 
{q]q)r- 2 i 


2(/>l 


Oo_ Y’ 

Q 5 y^V / 2 

^i+2i-r ; Q, Q'p/u y 


^ juy' 


An inhnite-dimensional matrix {fij)ijez is said to be lower-triangnlar if fij = 0 
nnless i > j. Two inhnite-dimensional lower-triangnlar matrixes {fij)ijez and 
i9ki)k,iei. are said to be mntnally inverse if Y.i>j>k hdjk = Sik- 

Corollary. Defining 

j^{u,v-x,y) ^ i i {x/y-q)i {uq^~‘^^-q) 2 i 

{q-,q)i {uxq^-^-q)i {uyq^-‘^^+^-, q)i' 

the infinite matrices M.{u,v;x,y) and M.{u,v;y,x) are mutually inverse. 

Michael Schlosser remarked that this corollary is eqnivalent with Bressond’s ma¬ 
trix inverse [1], which states that, dehning 

a(u,v) ^ , , .j {u/v-q)i-j {u]q)i+j 1 - vq^^ 
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the matrices A{u^v) and A{v^u) are mutually inverse. Indeed let d be either 0 or 
1. Replacing r by 2r + d, and i hy r — i, some factors cancel or can be pulled out 
of the previous sum, yielding the above form of [1]. 

Bressoud’s matrix inverse was originally derived from the terminating very-well- 
poised 6(/>5 summation [3, (11.21)]. We refer to [4, 8] for some generalizations of [1], 
as well as more details and references about inversion of inhnite matrices. 


Theorem 2. Defining 


[u] q)r „ _ \ ^ r — i ('K-, Q)r — i 

{q;q)r {q;q)r-^ 


V 

q^+i-r/v 


■,q,qlv^a‘^ 


{x-,q)i {uq^ "■,q)i 9)z 

{q;q)i {vq^-^+^;q)i q)i ' 


we have 


Hr = {-i/vy 


{xv‘^;q)r {x‘^v‘^-,q‘^)r{v‘^q;q‘^)r 
{xv‘^;q) 2 r {xv;q)r 




, xv^q^, —an, —1/a 
i 1 'AA 

ng2 ^ —vq ^, —xv 


A converse property may be stated as follows. 


Theorem 3. We have 


{q-,q)r 


2<I>1 


q y V 
q^~'^ jv 


■,q,qlv‘^a‘^ 


X 


i^/x-,q)i 

{q]q)i 


r 




(■U, q)r—i 
{q]q)r-i 


Hr — 7 


{uq^ ^■,q)i (.^ 2 g 2 r 2z-n.g^. 


1 - n2g2^ 
1 — 


Observe that, as a consequence of Theorems 2 and 3, we recover the special case 
y = 1 of the following matrix inverse. 

Lemma 1. Defining 

j^{u,v-x,y) ^ i-j {x/y;q)^-j {uq^;q)i-j _ {v^q^Hi. q^^._^. 

{q]q)i-j {vq^+^]q)i-j {xv^q^+^]q)i-j (i/n^gA+i; g) ’ 

the infinite matrices Af{u,v, x,y) and Af{u,v,y,x) are mutually inverse. 

Proof. Dehning 

IqDA _ i-j q)i-j _ \ _ 

{q;q)i-j {xq^^^;q)i-j ( 2 /g 2 i+i;g)._C 

the inhnite matrices B{x, y) and B{y, x) are mutually inverse, as a consequence of 
a result of Krattenthaler [4]. If two inhnite matrices (fij) and {gki) are mutually 



MACDONALD POLYNOMIALS 


7 


inverse, for any seqnence ((ifc), the matrices {fij di/dj) and {gki dk/di) are obvionsly 
mntnally inverse. Since 




{uq^;q)i-j {v^q;q) 2 i {u-,q)i {vq;q)^ 


■ 2 ^ {vqj+^-,q)i_j {v^q]q)2j {u]q)j {vq]q)i' 

we apply this property to B{xv ‘^and B{yv‘^,xv‘^), with 


dk=v‘^^ {v^q]q) 


2k 


{u]q)k 

{vq]q)k' 


□ 


3. Type C 

For the type C root system, the set of positive roots is the nnion of Ri = 
{si ± Ej,! < i < j < n} and R 2 = {Se*, 1 < i < n}. Elements of each set have the 
same length, and we write ta = t for a E Ri and to, = T for a G i? 2 - 

The Weyl gronp W is the semi-direct prodnct of the permntation gronp Sn by 
(Z/2Z)”. It acts on V by signed permntation of components. The fnndamental 
weights are given by coi = f < i < n. The dominant weights A G can 

be identihed with vectors A = XlILi snch that (Ai, A 2 ,... , A^^) is a partition. 
There is only one minnscnle weight uji. The partial order A > /U is given by 

j n 

'^{Xi - Hi) e N, for j = l, ...,n-l, ^^(A^ - fij) G 2N. 


i=l 


i=l 


With t = q'^ and T = q^, we have 

n n 

Pk = ^{{n - i)k + K) Ei, pI = ^{{n - i)k + K/2) Ei. 


i=l i=l 

If we write Xi — for i = 1... n, and dehne 


gf\x-qR,T), 


the Specialization Formnla reads 


giG)u'^-iTh T^- q t T) ^ ^ ^ _2^ 


Tr/^ iq;q)r 

Let ns introdnce the anxiliary qnantities Gr{x-,q,t) dehned by their generating 
fnnction 

{tuxi]q) 

00 (tu/xi-,q)c 


n {uXi]q)oo {u/xi;q)c 


vXGr{x] q, t). 


i=l 


->0 


In A - ring notation (see Section 8), they can be written as 

T -t 


Gr{x] q, t) = hr 


1-q 


Wt 


with Aft = -1- l/xi). Their specialization may be given as follows. 
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Lemma 2. For any positive integer r we have 


GrijF ^a,... , a; q,t) = cJ 




r j-n 

^ ^ • r/ tn^ 


Proof. Taking into acconnt 

{G~^ua]q)oo {F~^u/a]q)oo 


{Gua; q)oo (tii/g; q)oo 

{ua;q)oo iG~^u/a; q)oo' 


and applying the classical g-binomial formnla [3, (II.3)] 


itu-,q)oo ^ it;q)i 
{u]q)oo 


we have 

Gr{r-^a,r~^a,. 


g; q^t) = ^g(’^-2df(l-n) 
i=0 


{q]q)i 


{t^;q)r-i 
{q]q)r-i' 


□ 


Conjecture 1. For any positive integer r we have 


[r/2] 


AC) 


{q,t,T) = Gr- 2 i{q,t) t 


i iT/t]q)^ {Gq^ ^■q)i 1-Gq 


n^r—2i 


i=0 


{q-q), {TG-^q^-^-q), l-Gq^ 


Conversely 


r/2] 


Gr{q,t)=Y.G-U<I,t,T] T 


ri it/T;q)i {Gq^ ^^;q)i 


i=0 


{q;q), (Tt—ig-2^+i; g), 


In other words, the transition matrix from g^^\q,t,T) to G{q,t) is M.[G,t-,T/t,l), 
and its inverse is A4{G, t] 1, T/t). 


Using A - ring techniqnes, we have proved this conjectnre for T = t. 

(O') 

Theorem 4. For any positive integer r we have g)- {q,t,t) = Gr{q,t). 

The proof will be given below in Section 9. The Specialization Formnla gives 
some snpport to Conjectnre 1. 


Lemma 3. 


Conjeeture 1 yields the specialization 

{G-,q)r 


a,G ^g 


g; q, t, T) = oA 


{q]q)i 


2(pi 


q-\ TG-^ 

C-^q^-^jT 


■q,qt^ ‘^^/Ta 


Proof. A straightforward application of Theorem 1 and Lemma 2 with u = G, 
V = t/c?, X = T/t, and y = 1. □ 
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Corollary. Conjecture 1 is true for Xi = t^ {1 < i < n). 

Proof. Keeping the same notations, we now have v — 1/x. The previons resnlt is a 
g-Chn-Vandermonde snm [3, (II.7)] given by 


j^r/2 ^)r 

{Q-,Q)r 


2</>l 


q uv 
q^~'^ juv 


■q,qlu‘^v‘^ 


j.r /2 {u-,q)r {q^~^/u'^v^-,q)r 
{q-,q)r {q^-'^/uv;q)r 

ryr/2, N-r (^; 9)r 9)r 

^ ^ {uv-q\ {q-q\ 


We recover the Specialization Formnla. □ 


4. D versus C 

The root system is self-dnal: R = Rf^. The set of positive roots is R'^ = 
{£i ± 1 < i < j < n}. Roots have all the same length and we write ta = t for 

a e R+. 

The Weyl gronp W is the semi-direct prodnct of the permntation gronp Sn by 
. It acts on V by signed permntation of components, snbject to the 
condition that the nnmber of minns signs is even. The fnndamental weights are 
given by cui = for 1 < i < n — 2. The “spin weights” cUn-i and cUn are 

dehned by + ... + £n) and Wn-i = — ^n- There are three minnscnle 

weights wi, ujn-i and 

The dominant weights A G can be identihed with vectors A = 
whose components are all integers or all half-integers, and snbject to the condition 
Ai > A 2 > ... > A^_i > |A^|. The partial order A > /U is given by 

3 n-l 

^(Ai-/Ui)eN, for j = l,...,n-2, '^{Xi - Hi) ± (A^ -G 2N. 

i=l i=l 


Writing t = q^ we have Pk = Pk — ^ ~ 

i=l 


If we dehne 


Pr!^^\x]q,t) = gp\x;q,t), 


the Specialization Formnla reads 


{q]q)r [t^ ^]q)r 


We have easily gi^\q, t) = gi^\q, t, 1) and Lemma 3 can be written as follows. 
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Lemma 4. Conjecture 1 yields the specialization 


^a, q,t) = 2 (pi 


r j-n—1 

•? 7 ^ ^2-2n 

-1—n^l—r ) y? ^ 






As before, for a = 1 the previous expression is a g-Chu-Vandermonde sum, and 
we recover the Specialization Formula. 

Conjecture 2. For any positive integer r we have 


9^ 


(D) 


r/2] 


{Q,t) = gi%(9,t,T) T 


i=0 


{Q]Q)i 


_ it^q^-^^;q)2^ _ 

^^r,-iqr-i.q^i (Tt^-iqr-2i+i.q^.- 


Conversely 


[r/2] 


9 


{C) 


(q^t.T) = ^9i%iq.t) 


(^fiqr 


i=0 


{TY)^ _ 

{q■,q)^ {Tt^-^q--^■q)^ {t^-^q^-‘^^+^]q)^' 


Namely, the transition matrix from g^^\q,f) to g^^\q,t,T) is M.{tC,t',\/t,TjC) 
and its inverse is M.{t^, t',T/t,l/t). 

Conjectures 1 and 2 are consistent since the former, written for T = t and using 
Theorem 4, and the latter, written for T = 1, both yield 

Conjecture 3. For any positive integer r we have 

fr/2l 

/“>(,.*) = f r ^ JLpTy 

" {q]q)^ {t^-^q^-^■,q)^ l-t^q^-^ 


Conversely 


r/2] 


Gr{qC) = '^ 9 r%MG) 


(D) {Gq^ ‘^^■q)! 


i=0 


{q-qf {t^-\^-‘^^+^]qV 


Equivalently, the transition matrix from g^^\q,t) to G{q,f) is M.{G,t; 1/t, 1), and 
its inverse is t; 1,1/t). 

The corollary of Lemma 3 shows that Conjecture 3 is true for Xi — (1 < 

i < n). Specialization yields another consistency argument. 

Lemma 5. Assuming Lemmas 3 and 4, Conjecture 2 is true for Xi = G~'^a, 1 < 
i < n. 


Proof. A straightforward application of Theorem 1 with u — G, v — tjcff, x — Ijt, 
and y = T/t. □ 
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5. B versus D 

For the type B root system, the set of positive roots is the union of Ri = 
{si ± ej,l < i < j < n} and -R 2 = 1 < * < ii'}- Elements of each set have the 

same length, and we write = t for a E Ri and to, = T for a G -R 2 - 

The Weyl group W is the semi-direct product of the permutation group Sn by 
(Z/2Z)”. It acts on V by signed permutation of components. The fundamental 
weights are given by Ui = for 1 < t < n — 1, and Un — + ... + Sn)- 

This is the only minuscule weight. 

The dominant weights A G P~^ can be identihed with vectors A = 
whose components are all integers or all half-integers, and subject to the condition 
Ai > A 2 > ... > A^i > 0. The partial order X > fx is given by ^ ^5 

for j = 1,... , n. Writing t = and T = , we have 

n n 

Pk = '^{{n-i)k + K/2) Si, pl = ^{{n-i)k + K) 

i=l i=l 


If we dehne 


Pr^^iX:qR:T) = q,t,T), 


the Specialization Formula reads 


,T- qR,T) 


ir-,q)r iTt^^-^;q)r q) 2 r 

T- {q-q)r {Tt^^-^-q) 2 r 


Conjecture 4. For any positive integer r we have 


9 


(B) 


(qR.T) = J^qi-liqR) 


i=0 


{T-,q)i {rq^ ^;q)i (^2n 2^2r ^+ 1 ;q). 

(q; q), (t^-^q--^+^]q), (Tt 2 n- 2 g 2 r-z. ' 


Conversely 


r 

i=0 


{l/T-,q)g (tVbg). 

{q]q)i 


X 


{r-^q--^+^;q), 

^^2n-2q2r-2i+l.q^^ 

(Tt2n-2g2r-2i+l.g). 


1 - t2^-2g2r 
_ -p2n — 2q2r — i ' 


Namely, the transition matrix from g^^\q,t,T) to gP\q,f) is M ^;T, 1), 
and its inverse is A/’(t"', 1, T). 

Of course for T = 1 we recover gi^\q,t) = gi^\q,t, 1). 
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Lemma 6. Conjectures 1 and 4 yield the specialization 
{t'^~^a, t'^~‘^a ,... , a; Q, t, T) 


^ ^ {q-,q)r {TC^-^-q)2r {Tt--\q)r 

-ar-i 

tn —1 




X 4</>3 


q-r^TCn-2qT^ 




, -1/a 

n-1 


Proof. A straightforward application of Lemma 4 and Theorem 2 with u = 
V = t'^~^ and X = T. □ 


Corollary. This property is true for a = T. 

Proof. Keeping the notations u = v = t'^~^ and x = T, we now have x — a. 
Applying the g-Saalschiitz formnla [3, (11.12)], we have 


4(p3 


q ^, av'^q'^,—av,—1/a 

= 3</>2 

T—1 

1 

(M 

1 

1 1 ',q,q 

1 1 -,q,q 

vq 2 , —vq 2 , —av 


vq2, —vq2 


{—avq‘ 2 q)r {q'^q '~/av,q)^ 


{vq2-q)r i-q^q ^/v,q), 


This can be written 

q~^, av'^q^^ —av, —1/a 


a4>3 


i 1 ]q,q 

vq ^, —vq ^, —av 


= (-1/a)' 

= (-1/a)^ 


{avq2-,q)^ {-avq2;q), 


{vq2;q)r. {-vq^-q), 

{a‘^v‘^-,q)2r 

(a^n^; q^)r{v‘^q] q^)r 


By snbstitntion we recover the Specialization Formnla. □ 


6. B versus C 

The development of gi^\qC:U) in terms of g^\qC:T) (and conversely) can 
be immediately written by composing the previons conjectnres. We did not hnd a 
more compact expansion. 

Conjecture 5. For any positive integer r we have 




Y. sf-\-^MXT)Ti 

0<i-\-2j<r 


(i/^;9). 
(?; (i)j 


{U-,qh 

{q]q)i 


n 1 — i-2j. 


{f^q 


]q) 


i+2j 


tn-lqT-i 




n—1/ 


^^2n-2q2r-i+l.q-^. 

(t/t2n-2q,2r-i. 


X 
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Conversely 


g\P\qC,T) = 


0<2trj<r («’ 


(^2n-2^2r-4i-2i+l.^^ 


J 


Y _ ^2n—2q2r—4:i 


^^riqr-2i-j.q^ 


2i+j 


(JJt2n-2q2r-U-2j + l.^q'^. I _ f2n-2q2r-4i-j [Tt^-lqr-i-q-^.(^ln-lqr-2i-j+l.q-^.^. 


7. Open problems 

The statements of Lemmas 3, 4 and 6 can be written in a rather similar form by 
applying the following property. 


Lemma 7. ITe have 

^ — r 

Vi) 


2d'l 


Q , V ,2 


2 21 . .-r{v^-,Q)r , 

" = (®'^) ,A 4<?3 


{v]q), 


q jV^q^^aVjl/a 
1 1 
vq ^, —vq2 , - 




Proof. A straightforward consequence of [3, (7.4.12) and (7.4.13)]. □ 


Writing 5fr (a; g, t, T) for (t” ^a,... , a; g, t, T), we then have 

gPia-q,hT) ^ i-lYgPiT-^;q,hT) 

X4(p3^ Tr-ig5,-Tr-ig5,-Tr-i 

gi^\a; q.t) = {-lY gl^\l; qC) 

' q-CC^-'^qY-at^-^.-X/a _ 


X4</>3 




(a;D = (-r)"ys) (T; D 


X4</>3 


Q-’’, Tt^^-‘^qY -1/a 


u-1 


These formulas seem difficult to unify in a general conjecture written in terms 
of the root system R. 

We are also in lack of a conjecture for the generating function of gr^\ except 
when R = C and T = t (see Theorem 4). 

In another paper, we shall present conjectures giving for R G {B, C, D}, 

(i) a “generalized Fieri formula” expanding gr g), in terms of the Macdonald 
polynomials 

(ii) conversely, the expansion of any Macdonald polynomial -P\iaii+A 2 c ^2 terms of 
products gi^^gi^^ (“inverse Fieri formula”). 
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8. A - rings 

This section and the following will be devoted to the proof of Theorem 4. This 
will be done in the langnage of A - rings, which tnrns ont to be the most efficient. 
Here we only intend to give a short snrvey of this theory. Details and other appli¬ 
cations may be fonnd, for instance, in [6, 7], and in some examples of [10] (see pp. 
25, 43, 65 and 79). 

The basic idea of the theory of A - rings is the following. A symmetric f un ction 
/ is nsnally nnderstood as evaluated on a set of variables A = {ai, a 2 , as,... }, the 
valne being denoted /(A). When nsing A - rings, this interpretation is not the 
main one. Symmetric fnnctions are hrst nnderstood as operators on polynomials. 
Thns any symmetric fnnction / is hrst nnderstood as acting on the polynomial P, 
mapping P to f[P]- Of conrse the standard interpretation may be recovered as a 
special case. These statements may be made more precise as follows. 

Let A = {ai, a 2 , as,...} be a (hnite or inhnite) set of independent indetermi- 
nates, called an alphabet. We introdnce the generating fnnctions 

£„(.4)= TT(i + ““). ■P«(A = EW—• 

— ua 1 — ua 

aeA a^A aeA 

whose development dehnes symmetric fnnctions known as elementary fnnctions 
efc(A), complete fnnctions hk{A), and power snms pk{A), respectively. Each of 
these three sets generate the symmetric algebra S(A). 

We dehne an action, denoted [ ], of S(A) on the ring M[A] of polynomials in A 
with real coefficients. Since the power snms pk algebraically generate S(A), it is 
enongh to dehne the action of pk on M[A]. Writing any polynomial as 
with c a real constant and P a monomial in (ai, a 2 , as,...), we dehne 

C,P C,P 

This action extends to §[A]. For instance we obtain 


E 


U 



11(1 + upy , HuV^cP 

C,P C,P 


C,P 


More generally, we can dehne an action of S(A) on the ring of rational fnnctions, 
and even on the ring of formal series, by writing 





with c,d real constants and P,Q monomials in (ai, a 2 , as,...). This action still 
extends to S(A). 
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As an example, being given a (finite or infinite) alphabet A = {ai, a 2 , as,... 
let ns compnte Hu[hi{A)] and Hu[h 2 {A)]. We obtain [10, Example 1.5.10, p. 79] 

Hu [hi{A)] = ]^(1 - 

i 

Hu[h2{A)] = JJ(1 - 

i i<j 

In the following we shall write 

A^ = hi{A) = 

i 

Bn definition we have PkiA"^] = ci^- Thns Pa:[A^] = Pfc(A), which yields that for 
any symmetric fnnction /, we have f[A^] = f{A). In particnlar 

r 1 _ 1 r 1 ' 

f{l,q,q^q^...,q^-^) = f , f{l,q,q^q\...)=f - - . 

1 — gj — Q 


The following relations are straightforward conseqnences of the previons defini¬ 
tions. For any formal series P, Q, we have 

r r 

hr[P + Q]=^ hr-k [P] hk [Q ], er[P P Q] Cr-k [P] Cfc [Q]. 

fc=0 k=0 

Or eqnivalently 

Hu[P + Q]= Hu[P] Hu[Q], Eu[P PQ] = Eu[P] Eu[Q] 

Hu[P -Q]= Hu[P] Hu[Qr\ Eu[P -Q]= Eu[P] 

As an application, for a finite alphabet A = {ai, a 2 ,... , am} we may write 

/it 1 ^ 

Hi = n [uq^A^ = n n [m^ak] 

i>0 k=l i>0 

m ^ m ^ 

^ H .U1 - ^ M ww 
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9. Proof of Theorem 4 

In this section we assnme that R is of type Cn with T = t. We dehne Xi — e®* 
for i = 1... n, and regard elements of A as Lanrent polynomials of n variables 

, . . . , Xji. 

The dnal root system R'^ = Bn has one minnscule weight tt = + ... + Sn)- 

With the notations of Section 1, we have 


$ 


TT 


n 

i=l 


1 - txf 
1-x‘i 


n 

l<i<j<n 


1 — tXiXj 

1 — XiXj ’ 


and the translation operator acts on A by 

T^fiXi, ... ,Xn) ^ . . . ,q^Xn). 


The Weyl gronp W is the semi-direct prodnct of the permntation gronp Sn by 
(Z/2Z)”. It acts on V by signed permntation of components. Hence the IT-orbit 
of TT is formed by vectors |(ai£i . -f with a G (—1, -1-1)"'. 

The Macdonald operator can be written as 

,q^^l‘^Xn)- 

Up to a constant, the Macdonald polynomial Pruj^ is dehned by 

n — 1 

i=l 

This normalization constant is given by the condition 


E^f = 


/= E n 

cr6(-l, + l)" i=l 


1 — tx 


2(Ti 


1 — X 


2 <Ti 


n 

l< 2 <j<n 


1 — tx'jA.: 


1 


X, X 


f{q 


<ti/2 


Xi,... 


J 


Prujx = + lower terms, 

where the orbit-snm is given by (x) = + 1/^D- 

The following notations will be nsed till the end of this paper. We write 


X+ = {Xl, . . . ,Xn}, W_ = {I/Xl, . . . , l/Xn}, W = W+UW_, 

SO that W*" = Observe that $7r = [(1 — t)/i 2 (W_|_)]. 

We consider the generating series 


Hi 


1-t 

1-q 




= hr 


r>0 


1-t 

1-q 



n 


(tuxj-, q)oo 

{uxi-,q)oo 


{tu/xi;q)oo 
{u/xi] q)oo ' 



MACDONALD POLYNOMIALS 


17 


Theorem 4 states that 

= hr j - -X^ . 

J 

Since it is well known ([10, p. 314], [7, p. 237]) that for any alphabet A = 
{ai,... , ttm} one has 

hr - — -A^ = a[ + other terms, 

[1-q \ {q-,q)r ^ 

we have only to prove 

"1 _ f 1 r 1 _ f 

hr - - -X^ = TT + 1) hr Z - -X^ . 

I — q \ [1 — g 

This will be established nnder the following eqnivalent form. 

Theorem 4’. ITe have 

= n(^* + l) (t^H^ +Hi \^q--^X^]] . 

[1-9 J V [1-9 J [1-9 \J 
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By substitution, we see that the statement of Theorem 4' is equivalent to the 
following rational identity, written with u = q~^, 


o-6(-l, + l)" *=1 




1 


tux^ 


-CTi 


— X- 




UX, 


n 


4-i 3 

(/ tT ^ j 


1 rp ^ rp “ 

l<i<j<n i 3 


n—1 


n(r + i) 


i=l 


^ 1 ^ 1 — tUXi 1 — tu/Xi 
■*■4 1 — UXi 1 — u/Xi 


i=l 


Writing Ti for the operator Xi 1/xi, we are led to prove Theorem 4 under the 
following equivalent form. 

Theorem 5. We have 


(1 + Ti)---(1+T, 


1 — tu/xi 



1 — u/Xi 


n 


l<i<j<n 


1 — tXiXj 
1 — XiXj 


n — 1 


ny + i) r + nT“‘“‘ ' 

i=l \ i=l ^ 


tu/Xi 


UXi 1 — u/Xi 


Both sides of this identity are rational functions of u having poles at u = Xi and 
u = 1/xi, for t = 1,... ,n. We hrst prove that their constant terms are equal, i.e. 
that the statement is true for u = 0. 

Lemma 8. We have 


(1+Ti)---(1 + T^) = J](f+ 1) 

i=l 


Proof. This is a direct consequence of Weyl’s denominator formula 

5^e-P JJ (e“ - 1) = det(M;) 

Q?Ei?+ wEW 

with p = — ip l)£i, from which follows 

= J-i ^ det{w)&'P+^P^e^P. 

wEW 

Since for any w G IT, we have w5 = det(r(;)5, we obtain 

n 

(l+Ti)---(l+T^) ^ t{^+r,p) ^ J-J^i(n-i+l)(l+aO_ □ 

T6m(7r) (t 6( —1, + 1)” j=l 
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Proof of Theorem 5. It is sufficient to prove that both sides of the identity have 
the same residue at each of their poles, i.e. aX u — Xi and u = 1/xi^ 1 <i <n. By 
symmetry, this has only to be checked for some Xi, say Xn- We shall only do it at 
u — Xn, the proof aX u — 1/xn being similar. 

If A = {ai,... , am} is an arbitrary alphabet, we have 

TD 771 m 

tu — Oi ai -n-tai —a,- 


n 

i=l 


u — ai 


^ 11 — n - -I--I- n - — n ■ 


u — ai ai — an 

i=l j=l ^ 


This decomposition as a sum of partial fractions is actually a Lagrange interpolation 
(see [5], and also [7, p. 236]). We hrst apply it to the right-hand side of the identity. 
Its residue at u — Xn is given by 

n'y+1) x„ (t -1) n n yy- 

i=i j=i "■ j j=i ^ ^ 

We then apply the Lagrange interpolation to 

ytu- xf^ 

II (T, 5 

u — xp 

i=l ‘ 

on the left-hand side of the identity. Only fractions with = 1 contribute to the 
residue at u — x^ which can be written as 

, _ 1 — tx'l 


1 — ^2 
J. 

n—1 


X z 

^=1 


I ”1 "t ^ ^ 1 

J. LtX/^ -L I/Aj -L •X/j 


X, 


2(t,' 


1 — Xr,X~- 


1 i rp 

i '^n 


n 


1 


1 — X, xP 


l<i<j<n—1 


i '^j 


By identihcation of residues on both sides, and using an obvious induction on n, 
we are led to prove the identity 

1 — xf 1 — UXi 1 — u/Xi 1 

iJ=l ‘ l<i<j<n 


n(r + i)-i-r 


tZ/ 1 ^ J 

1 — tUXi 1 — tu/Xi 


i=l 


1 — UXi 1 — ufxi 


Since 


Bt 

i=l 


1 —tUXi 1 — tu/Xi 
— UXi t — ujxi 


Hi [{l-t)uX^ 


is obviously invariant under any T^, the left-hand side may be written 


i=l 


— UXi 1 — ufXi 


We conclude by applying Lemma 8. □ 
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10. Proofs of Theorems 1, 2 and 3 


We shall implicitly use many of the formulas about g-shifted factorials, listed in 
Appendix I of [3]. In particular we shall write 

(g-I, 0,2, ■ ■ ■ , 0,r, Q^i (Hl) {^,2, ■ ■ ■ {o,r, 

Theorem 1. We have the following transformation between 24>i series 


ju; 9)r 
{Q]Q)r 
[r/2] 


24>1 


q , ux 
q^~'^ jux 


; q, qv jvtfx 


(n; q)r- 2 i , 


Ot_ 'P 

q , uy 

„l+2i—r 


/uy 


; q, qv/u^y 


i^i {x/y,q)^ {uq^ ‘^"■,q)2i 
{q,uxq'^~^,uyq'^~‘^'^+^;q)i 


Proof [14], With a = v/u, applying [3, (3.4.7)], we have 


ju; q), 
{q]q)r 

Xs(f>7 


24>1 


q , ux ,2 

i-r / ; q: qv^ 

q^ ^fux 

1 . ^ X 1 


= a 


(u, l/a^;q). 


(q, l/a;q) 


r 

r 1 r 


q ^a,q{q ^a)^,-q{q ^a)yaux,q y-q 2,-^2 2 , 

/ —r r —r 1 —r / 1—- 1—- i — H i — T ,q,qO/UX 

[q 0 ) 2 ,—[q o) 2 ^q^ /ux,q 2 a,—q 2 a,q 2 2 a,—q 2 2 a 


or equivalently 
(n; q) 


iq;q)r 


24>1 


q , ux .2 

,^,_-,q,qv/u X 


q^ /ux' 


= a 


{u, l/of-q). 


{q, l/o-,q). 


[r/2] 


X 




1-oq'^^ ^ {q ^o,oux;q)k {q '';q) 2 k 


k=0 


oq ^ {q^ ^/ux,q-,q)k [q^ '’a^-,q) 2 k 


(qo/ux)^. 


This yields 
(n, q), — 2 i 
{q]q)r-2i 


2(pl 


O 9 _ 'p 

Q •> / 2 


2i 


{q,u/v;q)r 


{q ^,q^ W/n;Q) 2 z 
{q^-^/u,q^-^v‘^/u‘^;q)2i 


[r/2]-i 


^ A 


l_q2i+2k ^^2i ^^2i 


{qv/u^yf. 


k=0 


^v/u ^/uy,q-,q)k /u^-,q) 2 k 


If we substitute this value in the right-hand side of the identity, and put k — j — i, 
we obtain 

j=0 i=0 


(q,u/v;q)r {q^-^/u,q^-^v^/u‘^q) 2 i 

1 - q^^-'^v/u {q‘^^-^v/u, vy, q)j-i q) 2 j- 2 i 


(qv/u^y) 




l_g2i ^gi+2i r (^qi+2i ^v‘^/u‘^-,q)2j-2i 

{x/y,q)i iuq^~^^;q) 2 i 


X y^v^ 


{q,uxq^ ^,uyq^ ‘^'^^^',q)i 


X 
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This may be written as 
{u,u^/v'^-,q)r 

^ l-q '^v/u ^/uy,q]q)j {q^ ^v^ju^]q)2j 

^ iQ^~''/uy;q)2^ (q~^ q^-^vju, xjy, q)i {uq^-^^-q)2i , 2, y 

iq^~^/u;q)2i {q^-^/vy, q^+^-^/uy, q^uxq'^-^ uyq^-‘^^+^-, q)i ^ 

The sum over i reads 


1 — uyq 




r— 2 i 


{q \q^ ^vju.ct ''luy,xly,q)i 


i =0 


{q^/vx) 


— 6</'5 


uyq^-^ {q^-^ jvy, q^+^-'^/uy, q^-^ jux, q; q)i 

q~''/uy, qiq~'^/uy) ^, -q{q~'^/uy) ^, x/y, q^-^vju, q-^ 


[(q ^luy)l,-{q ^/uy)l,q'^ ^jux.q^ ^lvy,q^+^ ^/uy, 
By [3, (11.21)] this terminating very-well-poised 6</>5 sum equals 


]q,qlvx 


( 9 ^ "'luy^q^ ^lvx;q)j ^ ( q ^ ^luy,vx;q)j ■ 
{q^-^lux,q^-^lvy,q)j {q^-^/ux,vy;q)j ^ 


Finally we have proved that the right-hand side of the identity is 


, / ^r {u,u‘^/v^;q)r 

^ l-q ^v/u {q^ ^/ux,q;q)j {q^ /v?\q)2j 


Hence the statement. □ 


Lemma 9. 


4</>3 


IFe have 
\ a^, qa, b 


q ,u ,qii,u 1 +^ 

n-|-n „2 ) H : 9 


a, qa^/b, 


ajb 

(9a^ -l;9)n 
{q^a,-q^a]q), 


4:(p3 


9 ”, 


-qa/b, q^a,—q 2 a_ 


—q^ '^,qa^/b,—qa 


;9,9 


Proof [14]. The left-hand side obviously equals 


8(p7 


2 7 _ i _77 

a ,qa,—qa,b,—a, q '2 a,—q 2 a, q 
a, —a, qa^/b^ q^a, —q^a, 


;q,q^+^a/b 


By applying Watson’s transformation formula [3, (111.19)], it can be transformed 
into the right-hand side. □ 
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Theorem 2. Defining 




(q-^q) 

we have 


i=0 


iQ-:Q)r-i 


V „/„,2 2 H 

“ J {q^vq--^+\xv‘^q^--^-q) 


{x,uq^ 


Hr = (-1/'^) -7Z79-3- 4<?>3 


q) 


2r 


r-i+l ^^{lr,2r-i. r,\fi 


q , xv'^q'^,—av,—1/a 
i 1 

fgs ^ —vq2 , —xi; 


Proof [14]. Applying Lemma 7 we obtain 


Hr= , . 




i(i;(l)r ^1-vq^ ^ {v^;q)r-i {x,v^q^^ "^^■,q)i i- 


2^,2r-i+l. 


i=0 


X 4:4>3 


vq^ {q',q)r-i {q,xv‘^q^^ ^;q)i 

q^-r^ an, 1/a 

1 i 

vq ^, —vq ^, —V 

Reversing the order of snmmation, this may be rewritten as 

-i—P /ii2^r 


-,q,q 


JJ _ -r i^‘^:q)r ^ (q ^ , v‘^q^ , OV , 1 /O] q) i ■ 

\ / y /I i \ ^ 

\V]q)r {q,vq 2 ,-vq 2 ,-v]q)i 


X 4(^)3 


q~'^/v, q^~‘^'^/xv"^, q^~'^~'^/v‘^ ’ ^ 


Using Lemma 9 with a := q ^/v, b x and n := r — i, the 4(^)3 series eqnals 

(^l-2r/^2^ _ 1 ; (nijA g). 


{q^-^/v,-q^-^/v,q)r {v^q^^-q^ 

X 4(/>3 


q" \q^ "^/v^-q^ 

q^~‘^'^/xv‘^,—q^~'^/v,—q^~'^~^'^ ’ ’ 


which yields 

(n2,n2gU-l;?)r - 

Hr = - 11 —— V q 


jq '',avA/a;q)i 

{v,vqi,-vqi]q)r " (q^ -v,-q^~'"-, q)i 


a j2 


q 


g* ^,q 2 ^/v,-q 2 ^jv.-q^ "'/xv 


X 4(/>3 

Reversing again the order of snmmation, this may be rewritten as 




i=0 


{q,q^ g^ '^/v,—q^ ’’;g) 

X 3<f>2 


g* ’',an,l/a 

i-r+i ; 1 , q 

—n, —g 
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Since it is a g-Saalschiitz sum [3, (11.12)], the s4>2 series equals 

(-an, -1/a; q)r-i _ {-av, - 1 /a; q)r jv, q)i 


Finally we obtain 


Hr 


{—av, — 1 /a; q)r v ^ q 


(>) 4^3 


9 ’',9" '■/«',-9* - 9 ' „ 

q^~'^^jxv‘^,—q^~^jav,—aq^~'^ ’ ’ ’ 


and we conclude easily. □ 


Theorem 3. IFe /lave 


a 7 -^ 201 

{Q-:Q)r 


2 2 


V 






(l/Xj'ug’’ b 


r—i „,2„2'\ — 2 i+l. 


;Q)i \-v^q 


2^2r 


{q,vq^ *+i, 


1 — * 


Proof [14]. First observe that the right-hand side is 


1 /T 




2^2r 


X 




i=0 


= X 


{q-,q)i {q,vq^+^,xv‘^q^^+^]q)r-i l-v‘^q^+^ 

{u, 1/x, v^; q)r 1 - v^q'^^ ^ {q~^, vq, v^q"^] q)i {xv^q]q) 2 i ^ 

{q,vq,xv‘^q]q)r 1 - ^ {q,xq^-^,xv‘^q^+^;q)i 5 ) 3 ^ 


i =0 

{vq^,—vq^,—XV, xv"^; q)i 

X - 7 — 2 —i- 403 

{xv^;q)2i 


q 0 —an, — 1 /a 

i 1 ',QiQ 

ng 2 ^ —vq^, —xv 


— X 


1—xv^q^'^ {q ,v^q'^, xv^,—XV, q) 


{u,l/x,v^,-vq;q), 

{q,v,—v,xv‘^q;q)r 1 — {q,xq^~'^,xv‘^q^+'^,—qv;q) 




i-q/vY 


X 403 


g 0 xn^gb —an, — 1 /a 

1 1 -:Q:Q 


Expanding the 403 series over the index j < i, putting i — j + k, and summing over 
k, we obtain 


X 


{u, l/x,v‘^, -vq; q)r ^ {xv‘^q;q)2j (ng,-an,-1/a, n^g’^, g ; q) j / ^,y ^-{{) 

{q,v,-v,xv‘^q-,q)r ^ {v‘^q-,q) 2 j {q,xq^-^,xv‘^q^+^-,q)j 

xv'^q^Y q{xv‘^q^^)^, —q{xv'^q^^)^, —xvqY v‘^q^^Y . 

(a:n^g^-^)5, —(a:n^g^-^)5, —ng-^^^, a:g'^“'^+^, a:n^g-^+^+^ ’ 


X 605 


P-J/v 


By [3, (11.21)] this terminating very-well-poised 605 sum equals 

{xv‘^q‘^^^^,—q^~'^/v,q)r-j /—1\’' j {xv^^q,—v,q)r {—vq, xv‘^q^~^'^, xq^~^-, q)j 

(-ngt+0 xgt-^+i; g)^_7 \xv)^^ {1/x,-vq; q)r {-v,q)j{xv‘^q-,q) 2 j 
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Thus, on simplification, the right-hand side may be written 


{Q,V]q)r 


{-V) ^ 4(j)s 


q ,—av,—1/a 

1 i -:Q:Q 

vq ^, —vq ^, —V 


Applying Lemma 7 with —a substituted to a, we obtain the left-hand side. □ 
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